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Abstract
Expressions for the thermodynamic potential of a Dirac fermion gas
are represented at finite temperature with the chemical potential in an
ultrastatic space Rd × SN . The high- and low- temperature expansions
for the thermodynamic potential are obtained and, in particular, strongly
degenerate fermi gas is investigated. For the Candelas-Weinberg model,
sufficiently high “charge” density prevents the compactification of the ex-
tra space.
1 Introduction
These days many efforts have been made for pursuits of “the unification through
higher dimensions.” It is highly remarkable that supergravity theories have
simple or unique structures in more than four dimensions.[1] Recent success in
superstring theories suggests that higher dimensions are required not only for
simplicity, but also the consistency of the theories.[2] Anyway, as far as we regard
the extra dimensions as physical settings, we obviously need to comprehend the
phenomena called “compactifications”, in order to find out our four-dimensional
world.
Recently, there appear many works investigating the behavior of the time de-
pendence of the scale factor of extra spaces, that is, the “Kaluza-Klein cosmology.”[3]
Many people intend to explain the large amount of entropy in our universe in the
same scenario. The scenario is referred to with a slogan “entropy comes from
extra dimensions”[4] for this attempt. Therefore it is necessary to calculate the
thermodynamic quantities in higher dimensional as well as curved spaces.
On the other hand, Actor derived the thermodynamic potential in arbitrary
dimensions.[5] Particularly, we are interested in the case with non-vanishing
chemical potentials. It is well known that symmetry restorations depend on
finite density effects as well as finite temperature effects in four-dimensional
universe.[6] Thus, one can expect that compactifications of the extra spaces are
similarly influenced by finite density and temperature.[7, 8]
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Since we want to know, at least, about the thermodynamic quantities before
and after the compactifications, we have to obtain the thermodynamic potentials
in curved-spaces. In the present paper, we derive the thermodynamic potential
of a Dirac fermion field in curved spaces such as T ×Rd × SN .
The present paper is arranged as follows. In §2, we briefly review the ther-
modynamics and the effective potential in field theories with imaginary time
formalism.[9] We treat only with a Dirac field throughout this paper. In §3,
we show the high temperature expansion of the thermodynamic potentials in
the space whose background metrics are that of T × Rd × SN . The low tem-
perature case is studied in §4. The strong]y degenerate femi gas in higher-
dimensional and/or curved spaces are studied. In §5, we discuss the “Kaluza-
Klein thermodynamics,”[10] especially in the case of non-vanishing chemical
potentials. The last section is devoted to a summary and discussion.
2 The thermodynamic potential and the path
integral
We introduce the thermodynamic potential Ω for an ensemble at temperature
β−1 and chemical potential µ as follows:
ZG = exp(−βΩ) = Tr exp{−β(Hˆ − µNˆ)} . (1)
Here Hˆ is the Hamiltonian of the system and Nˆ is the particle number operator.
ZG is the so-called grand partition function. Equation (1) reads for fermions,
after the mode expansion as
ZG = exp(−βΩ)
=
∏
k
[exp(−βωk)(1 + exp(−β(ωk − µ)))(1 + exp(−β(ωk + µ)))] , (2)
where the frequency of modes is given by ωk = (k
2+M2)1/2. Here the zero-point
oscillation is included.
Now the entropy S, the pressure P and the particle number N for the system
under consideration are given by the partial derivatives of Ω(β, V, µ),
S = β2
∂Ω
∂β
; P = − ∂Ω
∂V
; N = −∂Ω
∂µ
. (3)
The “particle number” introduced here represents “the particle number mi-
nus antiparticle number,” which may be called “the charge asymmetry”.
In the path integral language, the thermodynamic potential for a Dirac field
with mass M is related to the one-loop effective potential,[5]
lnDet[D/+M ] = Tr ln[(ωn + iµ)
2 + ω2k] with ω
2
k = k
2 +M2 , (4)
where Tr means the integration and summation of all physical modes and degrees
of freedom (i.e., including a trace of the Dirac matrix). Here, ωn = {2pi/β}(n+
2
1/2), (n is an integer) is introduced in the imaginary time formalism for field
theories at finite temperature.[9] The chemical potential in (4) can be regarded
as the zeroth component of (imaginary) gauge field which is coupled with the
charge density of the field.[5, 11]
We can find the relation between one-loop effective potential given by (4)
and the “quantum mechanical”[8] expression of the thermodynamic potential
(see (2)) through the following identities (for fermions):[12]
∑
n
ln
[(
2pi
β
(n+ 1/2) + iµ
)2
+ y2
]
= βy + ln(1 + expβ(µ− y)) + ln(1 + exp−β(µ+ y)) . (5)
It is well known that the quantum vacuum energy at zero temperature
comes from the first term on the right-hand side of (5). Apart from this zero-
point energy, we derive the thermodynamic potential for a Dirac field in flat
d-dimensional space using (5) (and expansions of the logarithms):[5]
Ω = (tr 1)
Vd
(4pi)(d+1)/2
β−(d+1)
∞∑
n=1
(−1)n cosh(βµn)
×2
(
2βM
n
)(d+1)/2
K(d+1)/2(βMn) (6)
where Kν(x) denotes the modified Bessel function, Vd is the volume of d-
dimensional space and tr1 = 2[(d+1)/2].
We know another way of evaluating the one-loop effective potentials. In
general, the one-loop quantum corrections contain divergences which need to be
regularized. Using the zeta function regularization,[13] we obtain the following
expressions for effective potentials:
βΩ = ζ′(0) + ln(2piµ2R)ζ(0) ,
where
ζ(s) ≡ tr 1
2
Vd
Γ(s)
∫
∞
0
dt ts−1
∫
ddk
(2pi)d
×
∞∑
n=−∞
exp
[
−t
{(
2pi
β
(
n+
1
2
)
+ iµ
)2
+ k2 +M2
}]
, (7)
where µ2R is a parameter which has the dimension of mass and comes from ad-
justing the scale of the measure of the path integral.[13] Very recently, Allen
showed that µ2R is only involved in the vacuum energy part of the thermody-
namic potential which is independent of β.[14] Therefore, as far as we discard
the vacuum energy, we do not need to worry about the regularization-scale µ2R
and the thermodynamic potential of the system can be derived from the first
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term of (7). To see this, we use the following identity (see the Appendix):
∞∑
n=−∞
exp
{
−t
(
2pi
β
(
n+
1
2
)
+ iµ
)2}
=
β
(4pi)1/2
t−1/2
[
1 + 2
∞∑
n=1
(−1)n cosh(nβµ) exp
(
−β
2n2
4t
)]
. (8)
Then we can divide ζ(s) into two parts:
ζ(s) = ζ0(s) + ζβ(s) ,
ζ0(s) =
tr 1
2
β
(4pi)1/2
Vd
Γ(s)
∫
∞
0
dt ts−3/2
∫
ddk
(2pi)d
exp
{−t (k2 +M2)} ,
ζβ(s) =
tr 1
2
β
(4pi)1/2
Vd
Γ(s)
∫
∞
0
dt ts−3/2
∫
ddk
(2pi)d
2
∞∑
n=1
(−1)n cosh(nβµ)
× exp
{
−t (k2 +M2)− β2n2
4t
}
. (9)
ζ′0(0) contributes to the thermodynamic potential as the temperature-independent
vacuum energy. Thus, we only consider the contribution from ζ′β(0). In fact,
Γ(s)ζβ(s) does not diverge when s→ 0 and Γ(s) ∼ s−1, so we can easily find:
Ω =
1
β
ζ′β(0)
=
tr 1
2
Vd
(4pi)1/2
∫
∞
0
dt t−3/2
∫
ddk
(2pi)d
×2
∞∑
n=1
(−1)n cosh(nβµ) exp
{
−t (k2 +M2)− β2n2
4t
}
=
tr 1
2
Vd
(4pi)(d+1)/2
∫
∞
0
dt t−(d+1)/2−1
×2
∞∑
n=0
(−1)n cosh(nβµ) exp
{
−tM2 − β
2n2
4t
}
= tr 1
Vd
(4pi)(d+1)/2
β−(d+1)
∞∑
n=1
(−1)n cosh(nβµ)
×2
(
2βM
n
)(d+1)/2
K(d+1)/2(βMn) . (10)
This coincides with (6).
3 The high-temperature expansion
In this section, let us derive the thermodynamic potential in curved space. We
consider the static backgrouud metric of Rd × SN as a simple but sufficiently
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general case. In order to treat this case, we generalize (10) as follows:
Ω =
tr 1
2
Vd
(4pi)(d+1)/2
∫
∞
0
dt t−(d+1)/2−12
∞∑
n=1
(−1)n cosh(nβµ)
×
∞∑
l=0
(2dl) exp
{
−t(ω2l +M2)−
β2n2
4t
}
, (11)
where
dl =
Γ(N + l)
l!Γ(N)
, ωl =
(
l +
N
2
)
1
a
and tr1 = 2[D/2] with D = d+N + 1. a is the radius of the hypersphere SN .
Now, we consider high-temperature case such as β/a ≪ 1. In this case, we
can use the following formula for infinite sum related with theta function to
expand (11) with respect to β/a:
∞∑
l=0
dl exp
{
−
(
l +
N
2
)2
x
}
=
1
2
Γ(N/2)
Γ(N)
xN/2
[
1− 1
12
N(N − 1)x+O(x2)
]
. (12)
This identity is explained in terms of theta function. (See the Appendix.)
Making use of Eq. (12), we can expand Eq. (11) as
Ω = (tr 1)
VdVN
(4pi)(d+N+1)/2
β−(d+N+1)
∞∑
n=1
(−1)n cosh(nβµ)
×
[
2
(
2βM
n
)(d+N+1)/2
K(d+N+1)/2(βMn)
−2N(N − 1)
12
β2
a2
(
2βM
n
)(d+N−1)/2
K(d+N−1)/2(βMn) + · · ·
]
,(13)
where VN = 2pi
(N+1)/2aN/Γ((N +1)/2) is the volume of SN . This first term on
r.h.s. of Eq. (13) is the thermodynamic potential in flat (d + N)-dimensional
space, while the second and further terms correspond to the deviation from the
flat-space case.
When µ = 0, one can and the same expression as Dowker’s.[15] For evenD(=
1 + d+N), the summation over n becomes a polynomial (i.e., finite terms).[5]
We show here the expression in the simple massless case for later convenience:
Ω = (tr 1)
VdVN
(4pi)(d+N+1)/2
β−(d+N+1)
×
[
2d+N+1Γ
(
d+N + 1
2
) ∞∑
n=1
(−1)n cosh(nβµ)
nd+N+1
−2d+N−1Γ
(
d+N − 1
2
)
N(N − 1)
12
β2
a2
∞∑
n=1
(−1)n cosh(nβµ)
nd+N−1
+ · · ·
]
.(14)
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4 The low temperature expansion and the strongly
degenerate Fermi gas
Actor gave the low temperature expansion of the thermodynamic potential.[5]
However, the low-temperature approximation becomes meaningless when M2 <
µ2. When M2 < µ2, it is well known that Femi gas degenerates strongly at
low temperature. Fortunately, we know the formula for the polylogarithmic
functions LiN (x) =
∑
∞
n=1 x
n/nN :[16]
Li(−y−1) = (−1)N−1LiN (−y)
−
N−2∑
r=0
(−1)r
r!
(ln y)r[1− (−1)N−1−r](1− 2r−N+1)ζ(N − r)
− (−1)
N
N !
(ln y)N , (15)
and this gives another method for expanding Ω at low temperature. Hereafter,
we consider M = 0 case, for simplicity. The generalization to the massive case
is straightforward.
In d-dimensional flat space (which means dimension of space-time is 1 + d),
the thermodynamic potential for a massless Dirac field is given by (cf. (14))
Ω = (tr1)
Vd
(4pi)(d+1)/2
β−(d+1)2d+1Γ
(
d+ 1
2
) ∞∑
n=1
(−1)n cosh(nβµ)
nd+1
=
(
tr1
2
)
Vd
(4pi)(d+1)/2
β−(d+1)2d+1Γ
(
d+ 1
2
)
[Lid+1(−eβµ) + Lid+1(−e−βµ)] .(16)
Applying (15) to (16), we can reexpress it as
Ω =
tr1
2
Vd
(4pi)(d+1)/2
β−(d+1)2d+1Γ
(
d+ 1
2
)
×

−(βµ)d+1
(d+ 1)!

1 + (d+ 1)!
[(d+1)/2]∑
b=1
2ζ(2b)
(βµ)−2b
(d+ 1− 2b)! (1 − 2
1−2b)


+{1 + (−1)d}Lid+1(−e−βµ)
]
. (17)
It is apparent that this expression enables us to approximate itself at low tem-
perature by evaluating the summation and the polylogarithmic functions ap-
propriately.
Furthermore, if d + 1 is even, we get the exact form of the thermodynamic
potential which is expressed as polynomials:
Ω = − tr1
2
Vd
(4pi)d/2
1
Γ
(
d+2
2
) µd+1
d+ 1
×

1 + (d+ 1)! (d+1)/2∑
b=1
(βµ)−2b
(d+ 1− 2b)!2(1− 2
1−2b)ζ(2b)


6
= − tr1
2
Vd
(4pi)(d+1)/2
β−(d+1)2d+1Γ
(
d+ 1
2
)
×

(d−1)/2∑
c=0
(βµ)2c
(2c)!
2ζ(d+ 1− 2c)(1− 22c−d) + (βµ)
d+1
(d+ 1)!

 . (18)
This is exactly the same expression as the one obtained by the high-temperature
expansion.[5]
Let us turn our attention to the space Rd × SN again. Integration over t in
(11) yields when M = 0, (cf. (10))
Ω = (tr1)
Vd
(4pi)(d+1)/2
β−(d+1)
∞∑
n=1
(−1)n cosh(βµn)
×
∞∑
l=0
(2dl)2
(
2βωl
n
)(d+1)/2
K(d+1)/2(βωln) . (19)
Using the integral representation
Kν(z) =
√
pi(z/2)ν
Γ
(
ν + 12
) ∫ ∞
1
e−zx(x2 − 1)ν−1/2dx , (20)
the sum over n can be performed to give
Ω = −(tr1) Vd
(4pi)d/2
1
Γ
(
d+2
2
)∑
l
dlω
d+1
l
×
∫
∞
1
dx (x2 − 1)d/2
{
1
eβ(ωlx−µ)+1
+ (µ→ −µ)
}
. (21)
Now we can analyze the low-temperature case by using the method which can
be found in many textbooks.[17]
First of all, we examine the zero-temperature (β → ∞) case. Note, in the
limit β →∞,
1
eβx + 1
β→∞−→ θ(−x) , (22)
where θ(x) is the step function. The expression (21) reduces to the following
form by means of (22) at zero temperature:
Ω = −tr1 Vd
(4pi)d/2
1
Γ
(
d+2
2
) lm∑
l=0
dlω
d+1
l
∫ µ/ωl
1
(x2 − 1)d/2dx , (23)
where lm is the largest integer satisfying ωlm < µ and if ω0 > µ, then Ω = 0.
As a check on the efficiency of this approach, let us consider the limit a→∞.
In this situation, the sum over l is reduced to the integration by the substitu-
tions:
ωl → z ,
lm∑
l=0
dl → a
N
Γ(N)
∫ µ
0
dz zN−1 . (24)
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Consequently, we can show:
Ω ∼ −tr1 Vd
(4pi)d/2
1
Γ
(
d+2
2
) aN
Γ(N)
∫ µ
0
dz zN+d
∫ µ/z
1
dx (x2 − 1)d/2
= −tr1 VdVN
(4pi)(d+N)/2
1
Γ
(
d+2
2
)
Γ
(
N
2
) µd+N+1
d+N + 1
∫ 1
0
dy yN−1(1− y2)d/2
= − tr1
2
VdVN
(4pi)(d+N)/2
1
Γ
(
d+N+2
2
) µd+N+1
d+N + 1
. (25)
As is expected, this result corresponds to the one obtained from (17) in flat
(d+N)-dimensional space at zero temperature.
Particularly, we are interested in the case d = 3. In this case, one finds:
Ω = −4 V3
24pi2
lm∑
l=0
dl
[
µ(µ2 − ω2l )1/2
(
µ2 − 5
2
ω2l
)
+
3
2
ω4l ln
{
µ
ωl
+
(
µ2
ω2l
− 1
)1/2}]
. (26)
From this expression, we realize that (26) is merely the sum of the thermo-
dynamic potential in four-dimensional space-time at zero temperature [18] over
the discrete mass levels which arise from compactification of N dimensions. The
higher-modes than the chemical potential are frozen out. This interpretation is
easily understood by drawing the figure which is analogous to the one in the
paper by Barr and Brown,[4] but where we replace T with µ. Of course, in our
case, the extra space SN does not admit zero modes, therefore the situation is
slightly different. If we consider the case that the extra-space has zero modes,
we will obtain the exact expression for Ω in the flat d-dimensiollal space when
µ is smaller than the first non-zero massive mode.
Before considering finite but still low temperature effect we show another
example, the thermodynamic potential in SN(i.e., d = 0),
Ω = −(tr1)
lm∑
l=0
dl(µ− ωl)
= −(tr1) (lm +N)!
lm!(N − 1)!
(
µa
N
− lm + (N + 1)/2
N + 1
)
1
a
. (27)
where
lm =
[
µa− N
2
]
.
By using relationship (3), we derive the particle number
N = −∂Ω
∂µ
= (tr1)
(lm +N)!
lm!N !
. (28)
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We can see the effect of the discreteness of the Kaluza-Klein mass level from (28).
One can also find self-consistent solutions of Einstein equations after balancing
between the stress tensor of the degenerate Fermi gas with the Casimir effect
and the cosmological constant as the case at finite temperature considered by
Dowker et al.[19] The cosmological constant in this case plays an analogous role
to the bag constant in MIT bag model.[18] Although the above example may
be an interesting exercise, we do not study this situation in this paper.
Now, let us return to treating low-temperature effect applying the textbook-
formula [17] to (21), we can get the following low-temperature expansion for
Ω:
Ω = − tr1 Vd
(4pi)d/2
1
Γ
(
d+2
2
) lm∑
l=0
dl
[
ωd+1l
∫ µ/ωl
1
dy (y2 − 1)d/2
+
1
β2
pi2
6
d · µ(µ2 − ω2l )d/2−1 +
1
β4
7pi4
3× 5!d(d− 2)
×µ{(d− 1)µ2 − 3ω2l }(µ2 − ω2l )d/2−3 + · · ·
]
. (29)
For the manifold which has zero-modes in contrast with SN of our case, one
can find that the expression for the thermodynamic potential agrees with that
in flat d-dimensional space derived by (17) when 0 < µ < (the mass of the lowest
massive mode).
5 Kaluza-Klein thermodynamics and instability
at finite density
In this section, We first examine the themodynamics in the space Rd × SN .
Simllar case with vanishing chemical potential is extensively investigated by
Tosa,[10] so we will concentrate our attention to the case at finite density. The
remainder of this section is devoted to the investigation of instabilities of com-
pactifications induced by quantum effects [20] at finite density.
Kaluza-Klein thermodynamics at finite density
We consider a massless Dirac field in the space Rd × SN . under such circum-
stances, we assume the thermodmamic potential Ω must be of the form
Ω =
1
β
(
R
a
)d
f(µa, β/a) ≡ 1
β
(
R
a
)d
f(x, y) , (30)
where R is the scale factor of the flat d-dimensional space and a is the radius of
the N -dimensional hypersphere SN .
The chemical potential is introduced for a fermion field in (d+N)-dimensional
space. In the Kaluza-Klein sense, we find indefinitely many particles in d-
dimensional space, however, the particle number defined in this paper is to be
conserved, because this may be regarded as the charge asymmetry in the system.
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Now let us derive several thermodynamic quantities using Eq. (30). We
obtain
PVdVN = −1
d
R
∂Ω
∂R
= − 1
β
(
R
a
)d
f ,
QVdVN = − 1
N
a
∂Ω
∂a
= − 1
N
1
β
(
R
a
)d [
−d · f + x∂f
∂x
− y ∂f
∂y
]
,
S = β2
∂Ω
∂β
=
(
R
a
)d [
−f + y ∂f
∂y
]
,
µN = −µ∂Ω
∂µ
= − 1
β
(
R
a
)d
x
∂f
∂x
,
E = Ω+ µN + 1
β
S =
1
β
(
R
a
)d [
−x∂f
∂x
+ y
∂f
∂y
]
, (31)
where Vd, VN , P , Q, S, N and E are, the volume of Rd, the volume of SN , the
pressue for Rd, the pressure for SN , the entropy, the particle number and the
internal energy, respectively. We notice immediately,
−ρ+ d · P +N ·Q = 0 , here ρ = E
VdVN
. (32)
This relation has often been mentioned, and is equivalent to state the thermal
contribution to the stress tensor is traceless.
On the other hand, the conservation of the stress tensor gives
dE + PVNdVd +QVddVN = TdS + µdN = 0 . (33)
It is natural to assume the entropy and the particle number are conserved sep-
arately. This point will be discussed again in the next section.
Instability of compactification at finite density
In order to gain stable compactifications of extra spaces, various mechanisms
are proposed. Candelas and Weinberg [20] considered quantum effects of matter
fields in the case of the compact spaces, SN . Many other authors showed the ex-
tended versions of their model and the presence of various sorts of instabilities.[21,
22] Recently, Accetta and Kolb exhibited the finite temperature instability for
compactifications, and the critical temperature for the instability.[23] Here, we
show the finite density instability, which can be discussed almost parallel to the
work by Accetta and Kolb.
At high density (βµ ≫ 1), the themodynamic potential for Dirac fields can
be written in a form
Ω =
Vd
ad+1
(CN − C(µa)d+N+1) . (34)
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Note here Ω contains the Casimir stress energy which is determined at one-loop
level when the space-time dimensionality is odd. The pressure for the internal
space, Q, and the particle number N are computed from (34):
Q = − 1
VN
1
N
a
∂Ω
∂a
=
Vd
VN
1
ad+1
[(d+ 1)CN +N · C(µa)d+N+1] ,
N = −∂Ω
∂µ
=
Vd
ad
C(d+N + 1)(µa)d+N . (35)
We recognize the similarity to the high-temperature case.[22] The only difference
is the exchange of µ and T . Therefore we can immediately obtain the critical
value for µ:
µcrit ∼ 1
a0
[
CN
C
2(d− 1)
N
{
d+ 1
N
+ 1
}]1/(N+d+1)
, (36)
where a0 is the static radius of S
N . Using this, we conclude that there are no
stable compactifications when N/Vd > (N/Vd)crit, where(N
Vd
)
crit
∼ C d+N + 1
ad0
[
CN
C
2(d− 1)
N
(
d+ 1
N
+ 1
)](d+N)/(d+N+1)
(37)
For example, we take d = 3 and N = 7. In this case,
CN = 5.958744× 10−5 × f ,
C =
tr1
2
1
(4pi)(d+N)/2
2pi(N+1)/2/Γ
(
N+1
2
)
Γ
(
d+N+2
2
)
(d+N + 1)
= 3.139894× 10−7 × f , (38)
where f denotes the number of Dirac fields. Then we obtain(N
Vd
)
crit
=
f
ad0
× 3.35× 10−5 . (39)
If we consider the initial size of 3-space is the same order as the one of the
compact space, Eq. (39) reads the severe constraint to the charge asymmetry.
One can discuss more details (such as including semiclassical instability [22]),
by repeating similar analyses of Accetta and Kolb.[23]
6 Summary and discussion
We gave the expressions for the thermodynamic potential of a Dirac fermion
gas with the chemical potential in the space Rd × SN . We mainly pay our
11
attention to the low-temperature case which leads to the strolls degeneracy
of fermi gas. We also gave some examples for applications to a few aspects of
Kaluza-Klein theories. We omitted the detailed discussion about the application
to the Kaluza-Klein cosmology, which thus will be discussed in another occasion.
The treatment of finite density implicitly assumes the existence of conserved
U(1) charge. Superstring theories imply the presence of the gauge field as “pri-
mary field,” so we may expect some conserved charges. The chemical poten-
tials accompanied with non-abelian charges are also introduced by Haber and
Weldon.[11] The generalization to the high-dimensional case will enable us to
investigate the finite density effect on the breakdown of primary gauge sym-
metries as well as compactifications. It may also be interesting to consider the
themal property of the gauge field itself [24] in higher dimensions.
On the other hand, it is also interesting to consider the chemical potentials
associated to each “Kaluza-Klein charge,” which are induced after the compacti-
acation. This analysis will become necessary when one studies the property of
the pyrgons [25] at finite temperature and density. We leave this for future
publications.
We need to consider the thermodynamic quantities for boson fields for further
study. There is the technical subtlety to calculate the themodynamic potentials
in relation to the bosonic field with the chemical potential.[26] But there are also
attractive phenomena such as the Bose-Einstein condensation. We will report
on these problems generalized to higher-dimensional case elsewhere.[28]
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Appendix
We explain the identity appeared in §§2 and 3 in terms of theta functions. First
we observe:
ϑ3(v|τ) = exp(ipiτn2 + ipi2nv) , (40)
and the well known relation:
ϑ3
(
v
τ
| − 1
τ
)
= (−iτ)1/2 exp(ipiv2/τ)ϑ3(v|τ) . (41)
Using this, (8) can be derived as follows:
∞∑
n=−∞
exp
{
−t
(
(2n+ 1)pi
β
+ iµ
)2}
= exp
{
−t
(
iµ+
pi
β
)2}
ϑ3
(
2i
β
(
iµ+
pi
β
)
t
∣∣∣∣ 4piβ2 it
)
12
=(
4pi
β2
t
)
−1/2
ϑ3
(
β
2pi
(
iµ+
pi
β
)∣∣∣∣ β24pi it
)
=
(
β2
4pit
)1/2 ∞∑
n=−∞
exp
(
−β
2n2
4t
)
exp
{
iβ
(
iµ+
pi
β
)
n
}
=
β
(4pi)1/2
t−1/2
[
1 + 2
∞∑
n=1
(−1)n exp
(
−β
2n2
4t
)
cosh(µβn)
]
. (42)
Next, we show the derivation of (3.2). A similar expansion but for bosons is
given by Yoshimura.[27] We consider the case N is odd.
SF ≡
∞∑
l=0
dl exp{−(l+N/2)2x} , where dl = Γ(l +N)
l! Γ(N)
. (43)
We write the degeneracy dl as
dl =
1
Γ(N)
[(
l+ ν +
1
2
)2
−
(
ν − 1
2
)2]
·
[(
l + ν +
1
2
)2
−
(
ν − 3
2
)2]
· · ·
[(
l + ν +
1
2
)2
−
(
1
2
)2]
=
ν∑
m=0
Cνm
(
l + ν +
1
2
)2m
, ν =
N − 1
2
. (44)
Cνm are independent of N , and the first two terms are given by
Cνν =
1
Γ(N)
, (45)
Cν ν−1 = − 1
Γ(N)
ν∑
l=1
(
l− 1
2
)2
= − 1
24
1
Γ(N)
N(N − 1)(N − 2) . (46)
Since the sum over m vanishes when l = −1,−2, · · · ,−ν, we carry out the
summation over l from l = −ν to ∞. Then, substituting (44) into (43), we
obtain
SF =
ν∑
m=0
Cνm(−1)m d
m
dxm
∞∑
l=−ν
exp
[
−
(
l + ν +
1
2
)2
x
]
=
ν∑
m=0
Cνm(−1)m d
m
dxm
[
1
2
√
pi
x
+
√
pi
x
∞∑
n=1
(−1)n exp
(
−pi
2n2
x
)]
.(47)
Here, we have used the identity derived from (41)
∞∑
l=−∞
exp
[
−
(
l +
1
2
)2
x
]
= exp
(
−x
4
)
ϑ3
(
ix
2pi
∣∣∣∣ ixpi
)
13
=√
pi
x
ϑ3
(
1
2
∣∣∣∣ ipix
)
=
√
pi
x
∞∑
n=−∞
(−1)n exp
(
−pi
2n2
x
)
. (48)
From (47) and (44, 45, 46), we find the asymptotic form of SF ,
SF
x→0−→ 1
2
Γ(N/2)
Γ(N)
x−N/2
(
1− 1
12
N(N − 1)x+O(x2)
)
. (49)
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